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Abstract: A pendulum’s motion was stated to be as a way to
illustrate the movement of human body in the studies of multibody
system. Therefore, a comparison between the two numerical
models in multibody systems wereimplemented on the articulated
pendulums of different sizes. The two numerical models were
known as the augmented Lagrangian formulation and fully
recursive method. In order to identify the difference performance
of the numerical models, various size of articulated pendulums
has been tested which are 2, 4, 8, 16, 20 and 40 pendulums.
Differential equations developed from both models were solved by
using Runge-Kutta 4 and 5. Both models were coded in Matlab
and have been optimized in order to ensure only related routine
were considered. The performance was evaluated based on the
computing time with constant relative and absolute tolerance in
Runge-Kutta solver which is0.01 s. All pendulums were assumed
to have the same weight, angle and length. As for the results, the
augmented Lagrangian formulation solved the differential
equationsfaster than the fully recursive method when tested up to
20 pendulums. However, fully recursive method started to solve
the differential equations faster than the augmented Lagrangian
method when it need to deal with a very large system such as 40
pendulums and above. Thus, it can be concluded that the suitable
method to solve the small, open loop system such as articulated
pendulums is augmented Lagrangian method while for a very
large system, the fully recursive method will be more efficient.
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. INTRODUCTION

A simple pendulum [1,2] usually will be swinging from its
equilibrium position once been applied an externa force. In
multibody system, the pendulum can be implement to model
for the motion of human body. Therefore, it is important to
derive and solve the equations in order to track the motion as
well asemphasizing on theinitial condition’s dependency [3].
The human body can be represented by articulated pendulums
linked together through joints. The mass, m of each bodies
may be presumed to be equally distributed with length, |. The
alignment of whole bodies system is derived by angle, 9,
between bodies and the vertical axes in which represents the

generalized coordinates as shown in the Fig. 1.
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Fig. 1. Configuration of n'" articulated pendulums

In these case, the equations of motion for two multibody
formulations known as the augmented Lagrangian [4],[5] and
fully recursive [6]-[8] will be derived. However, the
differential equations need to be defined before resolve for
the equations of motion by applying the numerical time
integration method. The equations of motion for the
augmented Lagrangian formulation can be shown as
independently redundant coordinates’ set [9]. Hence, it is
important to define the relation between the coordinates by
the kinematic of the constraint equations.
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In contrary, the elimination of constraint forces can be done
by the application of fully recursive formulation as it will be
expressed in term of degrees of freedom (DOF) [10]. These
degrees of freedom may include few variables as the joint
coordinates to reduce number of equations and increased the
complexity and non-linearity of the equations.

Generally, it is compulsory to determine the kinematics of
the system before deriving the eguations of motion.
Therefore, as part of the kinematics’ definition, a global and
topological method were applied to each of the formulations
[11].

1. MATHEMATICAL MODEL

In the augmented Lagrangian, the equations of motion is
developed on the basis of the principles of virtual work [12].
By assuming the system is unconstrained, the dynamic
equilibrium usually described as:

GWiner = 6Wope )

whereby §W,.- and 6W,,: are the inertial and external
forces of virtual work respectively. & W, typically consists
of mass matrix, M, generalized coordinates, §, and vector of
quadratic velocity, Q, meanwhile &W,, consists of
generalized force vector, 3, of the multibody system which
then can be separately written as follows:

Winer = 0q - {Mq - Q”} 2

"31'1':5::' = 5[} " Qe (3)
By equalizing both eguations (2) and (3), a new equation will
form:
aq'{Mq_Qu_Qe}: 0 (@)
However, the relations between the generalized coordinates
and constraint equations need to be justify [13]. Hence, it is
compulsory to satisfy the following equation:

®(qt)=0 ©)
It isthen can simply be written as follows:
Mq_Qa‘ﬂ;*“"g‘l:U (6)

whereby < isthe Jacobian matrix of the constraintsand 4 is
a set of Lagrange multipliers. Therefore, by considering
equations (5) and (6), the equations of motion may be
transform in matrix such as below:

{M ¢-;.f] HE [Qa + Qu]
@, 0 |la Q. %
Equation (7) is an algebraic equations’ system that can be
used to solve the acceleration vector, §. Full derivation for
augmented Lagrangian formulation has been described
structurally in [14] and [15].

In recursive formulation, the algorithm basically need the
application of forward and backward motion’s approach as
shownin Fig. 2.

Setof O, 8, M7 ,. Q7

Fig. 2. Backward and forward movement approach
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Any movement between the neighboring bodies and
congtraints by relative are significant to form matrices for the
entire system and solve for their equations of motion. In
simply, the derivation of the algorithm can be made as the
following sequence:

i. Determinetheinitial state of relative coordinate, q(t) and

velocities, g(t) at to.
ii. Compute system’s orientation and positionsfor i=1to ng
recursively.

iii. Compute matrices of C, S, and updated matrices of
M*.; and Q*,; for every bodies in backward from
body B,to B;.

iv. Subsequently, compute an acceleration state, W,, and
joint acceleration, ¢, by forward method from body
B, to B,.

From (iv), the integration of time can be used to determine
the relative coordinates. By deriving the preceding adjacent
body, B, interms of position, r,; and velocity, v,.; hencethe
position, r, and velocity, v, of the body, B, also may be
acquires. Full derivation of fully recursive formulation has
been described comprehensively in [14], [15] and [16].

1. RESULTSAND DISCUSSIONS

In this studies, various size of articulated pendulums has
been chosen to study for the numerica analysis and
mathematical modeling for the two mentioned formulations.
The ode45 solver has been used as a part to solve for the
numerical analysis[17]. Runge-K uttamethod of 4 and 5 order
was used to integrate time of the equations of motion by
manipulating step size and fixed tolerance at 0.01 s[18]. The
analysing process begin with recording the computational
time a maximum solution time, t., iS 5 s for both
formulationsasin Tablel.

Table- |: Computing time of each step size for respective
number of pendulums, N at maximum simulation time,
tmax=5 sand tolerance setting at 0.01.

No. of Step sizel
pendulums,
N Formulations 0.1 0.01 0.001 0.0001
Augmented 0.7944117 | 0.6426967 | 0.7763793 24621833
2 Recursive 07810847 | 0.774487 0.9302893 14636347
Augmented 09611913 | 1.0341363 | 1.0082683 26025293
4 Recursive 13397043 | 1.233603 1496162 3.1030643
Augmented 14988773 | 1394732 1.581287 35003467
§ Recursive 162756 | 24609253 | 19304417 4366564
Augmented 4776032 | 42883407 | 4.8907033 10317371
16 Recursive 36107193 | 3.390693 3.888236 7720457
Augmented 67234363 | 64991763 6.696233 10.030193
0 Recursive 7927443 8353048 8.0224817 0.686146
Augmented 20150576 | 28326508 | 31478933 316064423
. 40 Recursive 13.3639643 | 21961879 | 23.946438 164761887
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Fig. 3. Computing time for difference size of pendulums

Generdly, it is found that as the articulated pendulums
became larger and longer, both formulations will consume
more time to compute within the tightening of the step size.
Pendulums with smaller tails such that number of pendulums,
N are two, four, eight, sixteen and twenty shows dlightly
difference in computing time between the augmented
Lagrangian and fully recursive methods. Also, for those
smaller number of pendulums, it can be seen that the
augmented Lagrangian solve the system faster than the fully
recursive except at the step size 0.0001 sfor N=20. However,
asthe articulated pendulums up to forty bodies, a significance
result between these two formulisms can be seen as the
differences between augmented Lagrangian and fully
recursive show huge gaps in computing time. The time taken
by fully recursive formulism are now computes faster than the
augmented Lagrangian formulations. Eventhough by
theoretically, the recursive should be more efficient to solve
for the multibody system [16] yet from the results, it can be
presumed that the fully recursive computes better than the
augmented Lagrangian when dealing with large number of
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bodies and more complex system.

V. CONCLUSION

A number of articulated pendulums such that 2, 4, 8, 16, 20
and 40 are chosen in order to compare the efficiency of both
formulations when dealing with smaller to larger matrices. In
short, it is found that at a fixed tolerance of 0.01 s, the
augmented L agrangian formulations computes faster than the
fully recursive method and both are showing insignificant
difference in computing time a a smaler number of
pendulums up until twenty bodies except at the step size
0.0001 s for twenty articulated pendulums. However, as the
pendulums reached forty articulations, the fully recursive
method showed a significance results compared to augmented
Lagrangian formulation as the differences in computing time
are huge between both formulisms. Therefore, it can conclude
that the augmented Lagrangian requires least time to solve for
the system at smaller matrices meanwhile the fully recursive
works better for large matrices and complex system.
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