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Abstract: Let G be a simple graph with vertex set V(G) and 
edge set E(G). A set S of vertices in a graph 𝑮(𝑽,𝑬) is called a 

total dominating set if every vertex 𝒗 ∈ 𝑽 is adjacent to an 

element of S. The minimum cardinality of a total dominating set 

of G is called the total domination number of G which is denoted 
by 𝜸𝒕(𝑮). The energy of the graph is defined as the sum of the 

absolute values of the eigen values of the adjacency matrix. In 

this paper, we computed minimum total dominating energy of a 

Friendship Graph, Ladder Graph and Helm graph. The 

Minimum total dominating energy for bistar graphand sun graph 

is also determined. 

 
Keywords: dominating set, minimum total dominating set, 

minimum total dominating matrix, minimum total dominating 

eigen values, minimum total dominating energy of a graph. 

I. INTRODUCTION 

In 1960, the mathematical study of Domination Theory in 

graphs was started.I.Gutman introduced the concept of 

energy of a graph in the year 1978. The roots go back to 

1862 when C.F. De Jaenisch studied the problem of 

determining the minimum number of queens necessary to 

cover an 𝑛 × 𝑛chess board in such way that every square is 
attacked by one of the queens. 

The graph invariant is closely connected to a chemical 

quantity known as the total 𝜋 electron energy of conjugated 

hydrocarbon molecules. The study of GraphEnergy first 

arouses in the field of chemistry. Chemists used Huckel’s 

method to approximate energies associated with π – electron 

orbitals in a special class of molecules called conjugated 

hydrocarbons. Gutman first introduced the concept of 

‘energy of graph’ for a simple graph. At first very few 

mathematicians seemed to be interested in this concept. 
However, over the years graph energy has become an 

interesting area of research for mathematicians and several 

variations have been introduced. 

Let G be a graph with x-vertices and y-edges. Let 𝐴 = (𝑎𝑖𝑗 ) 

be the adjacency matrix of a graph. Let 𝜆1 , 𝜆2 ,… . , 𝜆𝑛  be the 

eigenvalues of adjacency matrix of a graph G. The values 

are in non-decreasing order, that is 𝜆1  ≥ 𝜆2 ≥, … . ≥ 𝜆𝑛 . 

Since 𝐴(𝐺)is real and symmetric, its eigenvalues are real 

number. The energy 𝐸(𝐺)of graph is defined as sum of the 

absolute values of its eigenvalues of graph G,ie, 𝐸 𝐺 =
 |𝜆𝑖|

𝑛
𝑖=1  
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In this paper, we computed minimum total dominating 

energy of a Friendship Graph, Ladder Graph and Helm 

graph.The Minimum total dominating energy for bistar 

graphand sun graph is also determined. 

II.  PRELIMINARIES 

Definition 2.1Dominating set 

A dominating set for a graph 𝐺 = (𝑉, 𝐸) is 

a subset D of V such that every vertex not in D is adjacent to 

at least one member of D.The minimum cardinality of a 

dominating set of 𝐺 is called the domination number of G 

which is denoted by 𝛾(𝐺). [2][5] 

 

Definition 2.2 Total Dominating set 

A set S of vertices in a graph G(V, E)is called a total 

dominating set if every vertex v ∈ V is adjacent to an 

element of S. The minimum cardinality of a total 

dominating set of G is called the total domination number 

of G which is denoted by γt (G). [1] 

 

Definition 2.3 Energy 

Energy of a simple graph G = (V, E) with adjacency matrix 

A is defined as the sum of absolute values of eigen values of 

A denoted by E G . ie, E G =  |λi |
n
i=1 where λi  is an eigen 

values of A,i = 1,2, … . n.[3][4] 

Definition 2.4 Minimum Total Dominating Energy 

Let G be a simple graph of order n with vertex set V =
 v1 , v2 , … . vn and the edge set E. A vertex set S in G is a 

total dominating setif every vertex v ∈ V is adjacent to an 

element of S 

The total dominating number is the minimum cardinality 

taken over all theminimal total dominating sets of G. 

LetTDSbe the minimum total dominating set of graph G. 

The minimum total dominating matrix of G isn × n matrix 

ATD  G = (aij ) where, 

 

ATD  G =  
1 if vi  and vj  are adjacent

1                 if i = j , vi  ϵ TDS
0                               otherwise

  

 

The characteristic polynomial of ATD  G is denoted 

byP G, λ = det λI − ATD  G  .The minimum total 

dominating eigen values of the graph G are the eigen values 

of  ATD  G . 

Since ATD  G is real and symmetric, the eigen values 

areλ1 , λ2 , … . , λn in decreasing order λ1  ≥ λ2 ≥, … . ≥
λn .The total dominating energy of G is defined as, 

ETD (G) =  |λi|
n
i=1 .[6][7] 

 

 

https://en.wikipedia.org/wiki/Graph_(discrete_mathematics)
https://en.wikipedia.org/wiki/Subset
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Example: 

Let G be a graph with 6-

verticesV G = {v1 , v2 , v3 , v4 , v5 , v6} 

 
Figure (i) 

The minimum total dominating set, TDS = {v2 , v5}. 
The minimum cardinality of a total dominating setγt G =
2. 

The minimum total dominating matrix, ATD  G =

 

 

  
 

0 1 0 0 0 0
1 1 1 1 1 0
0 1 0 0 1 0
0 1 0 0 1 0
0 1 1 1 1 1
0 0 0 0 1 0 

  
 

 

The Characteristic polynomial isx6 − 2x5 − 6x4 + 2x3 +
5x2 + 0x − 0 
The eigen values areλ1 =  −1.4495λ2 = −1.0000λ3 =
−0.0000 

λ4 = 0.0000            λ5 = 1.0000λ6 = 3.4495 

Therefore, the minimum total dominating energy,ETD  G =
6.899 

III. MINIMUM TOTAL DOMINATING ENERGY OF 

SOME STANDARD GRAPH 

Definition 3.1    Ladder graph: 

The ladder graph 𝐿𝑛  is defined by 𝐿𝑛 = 𝑃𝑛 × 𝐾2 where 𝑃𝑛  is 

a path with 𝑛 vertices and  

×denotes the Cartesian product and 𝐾2 is a complete graph 

with two-vertices. 

Definition 3.2    Friendship graph: 

The friendship graph 𝐹𝑛can be constructed by 

joining 𝑛 copies of the cycle graph 𝐶𝑛  with a common 

vertex 

Definition 3.3    Helm graph: 

The helm graph Hn  is the graph obtained from an nwheel 

graph by adjoining a pendant edge at each node of the cycle. 

Definition 3.4   Sun graph: 

The Sun graph of order 2nis cycle with edges terminating in 
a pendantvertex attached to each vertex and it is denoted by 

SGn. 

Definition 3.5   Bistar graph: 

The graph Bn,n  n > 2 is a bistar obtained from two disjoint 

copies of K1,n  by joining the centre vertices by an edge. It 

has2n + 2 vertices and 2n + 1 edges. 

Theorem 3.1 

The minimum total dominating energy of Ladder graphLn is 
1±√(1+8n)

2
 . 

Proof 

Let G = Lnbe a ladder graph on nvertices with  

                            V G = {ui , vi ∶ 1 ≤ i ≤ 1} and 

E G =  uiui+1 , vivi+1 ∶   1 ≤ i ≤ n − 1  ∪ {ui vi ∶ 1 ≤ i
≤ n} 

 

Consider the ladder graph 𝐿𝑛  with vertex set 

{𝑣1 , 𝑣2, 𝑣3, 𝑣4 ……𝑣𝑛 , 𝑣𝑛−1} 

 

 
Figure (i) Ladder Graph 

The minimum total dominating 

set,𝑇𝐷𝑆 = {𝑣1 ,𝑣3 ,𝑣5 , 𝑣7 ……𝑣𝑛−1} 

The minimum cardinality of a total dominating set𝛾𝑡 𝐺 =
𝑛/2. 

The total dominating matrix is given by 

𝐴𝑇𝐷 𝐿𝑛  =

 

  
 

1 1 1 … 0 0
1 0 0 … 0 0
1 0 0 … 0 0
⋮ ⋮ ⋮ … ⋮ ⋮
0 0 0 … 1 1
0 0 0 … 1 0 

  
 

 

The Characteristic polynomial 

𝑑𝑒𝑡 𝜆𝐼 − 𝐴𝑇𝐷 𝐿𝑛  =
 

 

𝜆 − 1 −1 −1 … 0 0
−1 𝜆 0 … 0 0
−1 0 𝜆 … 0 0
⋮ ⋮ ⋮ ⋱ ⋮ ⋮
0 0 0 … 𝜆 − 1 −1
0 0 0 … −1 𝜆

 

 
 

The characteristic equation is𝜆𝑛−3 𝜆3 − 𝜆2 − 2n𝜆 = 0 

The eigen values are,  𝜆 = 0 𝑛 − 3 𝑡𝑖𝑚𝑒𝑠,  𝜆 =
1±√(1+8𝑛)

2
 

The minimum total dominating energy of Ladder graph 𝐿𝑛  , 

𝐸𝑇𝐷 𝐿𝑛  =
1±√(1+8𝑛)

2
 

Theorem 3.2 

The minimum total dominating energy of Fiendship graph𝐹𝑛  

is 1 ± √𝑛 − 2 . 

Proof 

Since the center vertex of Friendship graph are minimum 
dominating set of G.the minimum total dominating set 

depends upon the center vertex of G, and some other vertex 

which is adjacent to center vertex. 

Hence the minimum total dominating energy depends upon 

the center vertex and some other vertex which is adjacent to 

center vertex. 

 

Consider the Friendship 

graph 𝐹𝑛  with vertex set 

{𝑣1 , 𝑣2, ……𝑣𝑛 } 

https://en.wikipedia.org/wiki/Cycle_graph
http://mathworld.wolfram.com/WheelGraph.html
http://mathworld.wolfram.com/WheelGraph.html
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Figure (ii) 

Friendship Graph 
The minimum total dominating set,𝑇𝐷𝑆 = {𝑣1 ,𝑣2} 
The minimum cardinality of a total dominating set𝛾𝑡 𝐺 =
2. 

The total dominating matrix is given by 

𝐴𝑇𝐷 𝐹𝑛 =

 

  
 

1 1 1 … 1 1
1 1 1 … 0 0
1 1 0 … 0 0
⋮ ⋮ ⋮ … ⋮ ⋮
1 0 0 … 0 1
1 0 0 … 1 0 

  
 

 

 

The Characteristic polynomial 

𝑑𝑒𝑡 𝜆𝐼 − 𝐴𝑇𝐷 𝐹𝑛  =
 

 

𝜆 − 1 −1 −1 … −1 −1
−1 𝜆 − 1 −1 … 0 0
−1 −1 𝜆 … 0 0
⋮ ⋮ ⋮ ⋱ ⋮ ⋮

−1 0 0 … 𝜆 −1
−1 0 0 … −1 𝜆

 

 
 

𝑅𝑖 → 𝑅𝑖 − 𝑅4 , 𝑖 = 3,4,5… . 𝑛 
 

 

 

𝜆 − 1 −1 −1 … −1 −1
−1 𝜆 − 1 0 … 0 0
0 0 𝜆 … 0 0
⋮ ⋮ ⋮ ⋱ ⋮ ⋮
0 0 0 … 𝜆 −1
0 0 0 … −1 𝜆

 

 
 

 

The characteristic equation is 𝜆𝑛−3 𝜆2 − 2𝜆 + 3 − 𝑛 = 0 

The eigen values are,  𝜆 = 0 𝑛 − 3 𝑡𝑖𝑚𝑒𝑠,  𝜆 = 1 ±

√𝑛 − 2 
The minimum total dominating energy of Friendship graph 

𝐹𝑛  , 𝐸𝑇𝐷 𝐹𝑛 = 1 ± √𝑛 − 2 

Theorem 3.3 

The minimum total dominating energy of Helm graph𝐻𝑛  is 

−𝑛 ±  
𝑛(𝑛−1)

2
 . 

Proof 

Consider the Helm graph 𝐻𝑛  with vertex set {𝑣1 ,𝑣2 , ……𝑣𝑛 } 
 

 
 

Figure (iii) 

Helm Graph 
 

The minimum total dominating 

set,𝑇𝐷𝑆 = {𝑣1 ,𝑣2 ,𝑣4 , 𝑣6 ,𝑣8 , … . 𝑣𝑛−1} 
 

The minimum cardinality of a total dominating set𝛾𝑡 𝐺 =
(𝑛 + 1)/2. 

 

The total dominating matrix is given by 

𝐴𝑇𝐷 𝐻𝑛 =

 

  
 

1 1 0 … 1 0
1 1 1 … 0 0
0 1 0 … 0 0
⋮ ⋮ ⋮ … ⋮ ⋮
1 0 0 … 1 1
0 0 0 … 1 0 

  
 

 

 

 

 

The Characteristic polynomial 

 

𝑑𝑒𝑡 𝜆𝐼 − 𝐴𝑇𝐷 𝐻𝑛  

=
 

 

𝜆 − 1 −1 0 … −1 0
−1 𝜆 − 1 −1 … 0 0
0 −1 𝜆 … 0 0
⋮ ⋮ ⋮ ⋱ ⋮ ⋮

−1 0 0 … 𝜆 − 1 −1
0 0 0 … −1 𝜆

 

 
 

 

The characteristic equation is 𝜆𝑛−3 𝜆2 − (2𝑛)𝜆 + 𝑛 = 0 
 

The eigen values are,  𝜆 = 0 𝑛 − 3 𝑡𝑖𝑚𝑒𝑠,  𝜆 = −𝑛 ±

 
𝑛(𝑛−1)

2
 

 

The minimum total dominating energy of Helm graph 𝐻𝑛  , 

𝐸𝑇𝐷 𝐻𝑛 = −𝑛 ±  
𝑛(𝑛−1)

2
 

Theorem 3.4 

The minimum total dominating energy of Sun graphSGn is 

1 ± √n + 3. 
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Proof 

Consider the Sun graph 𝑆𝐺𝑛  with vertex set {𝑣1 ,𝑣2 , ……𝑣𝑛 } 

 

 
Figure (iv) 

Sun Graph 

 

The minimum total dominating 

set,TDS = {v1 , v3 , v5 , v7 , v9, … . vn−1} 
 

The minimum cardinality of a total dominating setγt G =
n/2. 

The total dominating matrix is given by 

ATD  SGn =

 

  
 

1 1 1 … 1 0
1 0 0 … 0 0
1 0 1 … 0 0
⋮ ⋮ ⋮ … ⋮ ⋮
1 0 0 … 1 1
0 0 0 … 1 0 

  
 

 

 

The Characteristic polynomial 

det λI − ATD  SGn  

=
 

 

λ − 1 −1 −1 … −1 0
−1 λ 0 … 0 0
−1 0 λ − 1 … 0 0
⋮ ⋮ ⋮ ⋱ ⋮ ⋮

−1 0 0 … λ − 1 −1
0 0 0 … −1 λ

 

 
 

 

Ri → Ri − R4 , i = 5,6,7… . n 
 

 

 

λ − 1 −1 −1 … −1 0
−1 λ 0 … 0 0
−1 0 λ − 1 … 0 0
⋮ ⋮ ⋮ ⋱ ⋮ ⋮
0 0 0 … λ 0
0 0 0 … 0 λ

 

 
 

 

The characteristic equation is λn−3 λ2 − λ − (3 + n ) = 0 

The eigen values are, λ = 0 n − 3 times,  λ = 1 ± √n + 3 

The minimum total dominating energy of star graph Sn  , 

ETD  SGn = 1 ± √n + 3 

Theorem 3.5 

The minimum total dominating energy of Bistar graphBn,n  is 

 2n − 5 + √n2 − 4n + 8 . 

 

 

Proof 

Consider the Bistar graph Bn,n  with vertex set 

{v1 , u1 , v2 , u2 …… vn , un} 

 

 
Figure (v) 

Bistar Graph 

 

The minimum total dominating set,TDS = {v1 , u1} 
The minimum cardinality of a total dominating setγt G =
2. 

The total dominating matrix is given by 

ATD  Bn,n =

 

  
 

1 1 1 … 1 0
1 1 0 … 0 1
1 0 0 … 0 0
⋮ ⋮ ⋮ … ⋮ ⋮
1 0 0 … 0 0
0 1 0 … 1 0 

  
 

 

The Characteristic polynomial 

det  λI − ATD  Bn,n  

=
 

 

λ − 1 −1 −1 … −1 0
−1 λ − 1 0 … 0 −1
−1 0 0 … 0 0
⋮ ⋮ ⋮ ⋱ ⋮ ⋮

−1 0 0 … λ 0
0 −1 0 … −1 λ

 

 
 

 

The characteristic equation is (λ + 1)n−3 λ2 −  n − 2 λ −
1=0 

The eigen values are,  λ = −1 n − 3 times,  λ =  n − 2 +

√n2 − 4n + 8 

The minimum total dominating energy of bistar graph Bn,n  , 

ETD  Bn,n =  −1  n − 3 + { n − 2 +  n2 − 4n + 8} 

=  n − 3 + { n − 2 +

√n2 − 4n + 8} 

= 2n − 5 + √n2 − 4n + 8 
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IV. CONCLUSION 

In this paper, the energy namely Minimum total dominating 
energy is defined and has beenfound forFriendship Graph, 

Ladder Graph and Helm graph.The Minimum total 

dominating energy for bistar graphand sun graph is also 

determined.For future research, the minimum inverse total 

dominating energy can be computed for some standard 

graphs. 
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