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Abstract: The purpose of the present paper is to give a sufficient
condition for [Gaussian] hyper geometric function to be in a
subclass of analytic function which is also necessary condition
under additional restrictions. Similar results for the
corresponding subclasses of analytic functions are also obtained.
Furthermore an integral operator related to the hypergeometric
function is determined.2000 Subject Classification: 30C45.

Keywords and Phrases: Analytic functions, Starlike functions,
Convex functions, Hypergeometric functions, Integral operator.

l. INTRODUCTION

Let A be the class consisting of functions of the

form
u@)=z+> a,z’
n=2
@
that are analytic in the open unitdisk D ={z: |z] < 1}.
zu'(2) zu'(2)
R -y -1, (yre®,zeD),
u(2) u(2)
and u(z) € UCV(y), the class of uniformly convex functions
of order Y if and only if

ZU'(Z) € Sp(y). Motivated by work of Srutha Keerthi and
et.al[13], we define following classes.

respectively. For convenience, we write S*(0) = S™ and K(0)
= K (see, e.g., Srivastava and Owa [12]).

Motivated by geometric considerations, Goodman
[4, 5] introduced the class UCV and UST of uniformly
convex and starlike functions. Ronning [8] (also, see [6])
gave a more applicable one variable analytic characterization
for UCV. That is, a function u(z) of the form (1) is in UCV
if and only if
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Let S, S*(a) and K(a) denote the subclass of A consisting
of univalent, starlike and convex functions of order o,

ST s
v@ || u@) |

We note [4] that the classical Alexander's result, u(z) € K
& ZU'(z) e S* does not hold between the classes UCV
and UST. Later on Ronning [9] introduced the class Sp
consisting of functions such that u(z) € UCV < zU'(2) «

Sp- And also in [8], Ronning generalized the classes UCV
and S, by introduced a parameter y in the following way
i.e., A function u(z) of the form (1) is in

>

Sp(y) if it satisfies the analytic characterization

Definition 1.1. If the function u(z) of the form (1) which
stated in the subclass B (p, v,t), it satisfies the holomorphic
characterization
q{ (1-9)pZ°u™@) + (1+2p) 22u"(2) + 2U'(2) _7}
pZ°[U"(2) —t*(u" (t2))] +2[u'(2) ~ t(u' (2))]
(1-1)pZ°u"@)+(1+2p) 20" @)+ 20'(Z)
PZ[U"(2) ~t* (u"(12))] +2[u'(2) ~ t(u' (12))]

(yeR,0< p<1, Ze D Jt<1 and t£1).
We also note that B(0, y,0) = UCV/(y).

z; 4

O]

For case of p=0, we get the following class.

Definition 1.2. If the function u(z) of the form (1) which
stated in the Subclass C (y,t), it satisfies the holomorphic
characterization
} @)
Ve

q{ (1-t[z°u"@) +zu'(@)]
A-9[Z°v"@) +2zu'(2)]

z[u'(2) —t(u'(t2))]
z[u'(z) —t(u'(t2))] ]4

(y e R, Z€ D [t<I and t#1).
We defined T is a subclass of S consisting of
functions of the form

u(z) = z—ianz”, (@, >0)

(4)
and let Br(p, v,t) = B(p, y,t) N T.

=
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Properties of Hypergeometric Functions for Functions Certain Subclasses of Sakaguchi Type Functions

Let F(p, g; r; ) be the (Gaussian) hypergeometric
function defined by

0 )3 o

wheren =0, -1, -2, ... and (B)n is the Pochhammer symbol
defined by

®) _{1 if n=0
BB +D)...B+n—-1) ifneN={1,2,.}.

We note that F(p,q;r;1) converges for R(p—g-r) > 0 and
related to the Gamma functions by
F(p qu) — F(r)r(r— p_q)
[(r—p)(-0q)
©)
Merkes and Scott [7] and Ruscheweyh and Singh
[10] used continued fractions to find sufficient conditions for

zF(p, q; r; 1) to be in S™(y) (0 <y < 1) for various choices of
parameters p, q and r. Carlson and Shaffer [2] showed how

some convolution results about S*( y) may be expressed in
terms of a linear operator acting on hypergeometric
functions. Recently, Silverman [11] gave necessary and
sufficient condition for zF(p, q; r; z) to be in S*( y) and

K(®).

1. CONDITIONS FOR STARLIKENESS AND

UNIFORM CONVEXITY

Lemma 2.1. A sufficient condition for power series form
u(z) which stated to be the Subclass B(p, y,t) is that

2[2;0'7(77*1)(71 -2)+[(2+4p) - p+t+t7u )1+ 7)In(n-1)

+{A- )~ tu, @)1 -1) +[A-7) -1y, ()] ][, | < @ 7) - t(L+y).

(6)

Proof. In view of the definition of B(p, v,t) it is sufficient if we verify the condition

‘ (1-t)pZ°u™(2) + (1+2p) 2°u"(2) + 2U'(2) i
P2 [u"(2) —t* (u" ()] + 2[u'(@) — t(u' (12))]

ST{ (12—t)p23u";(2)+(l+2p)ZZU"(Z)+ZU'(Z) _1}1_%
pZ[u"(2) -t (u"(t2))]+z[u'(2) - t(u'(t2))]

<R { 1-t)pZ%u™(@) + (1+2p) 22u"(2) + zu'(2) 1}
C [ pZ @) -t (u" ()] +2[u'(2) ~ t(u' (2))]

1-t)pZ%u™(2) + (1+2p) 2%u"(2) + zu'(2) 1

. 2on(n-1)(n-2)+2[1+2p) - p(L+t+t?u,)]n(n-1)

-2nu,)][a,| -2t

1=+ lon(n-DA+t+t°u,) +nL+tu,)]fa,|

We have
1-t)pZ’u™(2) + (1+2p) 2%u"(2) + zu'(2) 4
pZ°[U"(2) —t* (" (2))]+2[u'(@) -t(u'(t2))]
<2
pZ°[U"(2) —t* (" (2)]+2[u'(@) -t(u'(t2))]
I
<
1-t7
Where u = ,(neN).
» =1 1EN)

The above expression is bounded by 1 — vy if and only if equation (6) is satisfied and the proof is complete.

For case of p =0, we get the following.

Corollary 2.1. A sufficient condition for power series form u(z) which stated to be the Subclass C(y,t) is that

2[277(77 -1 +[A-y)-tu, +)])(n-1) +[(1-y)-tu, (1+7)]]

n=2

<@1-p)-t@+y). ()

a,

Lemma 2.2. A necessary and sufficient condition for power series form u(z) which stated to be the Subclass BT(p,

v.,t) is that

i[an(n ~1)(7-2)+[(2+4p) - p(L+t+1t2u, )(L+7)]n(17-1)

k=2

+[(1-7)~tu, @+ -1 +[1-7) ~tu, (1+1)] ] 3, < L-7) ~t(L+).
Proof. Suppose u(z) of the form (4) to be in the class B+(p, y,t). Then
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(1_7)”{ (12—t?l,023u";(z)"+(1+2p)zzlu"(z)+2}J'(z) ~ }
pz°[u"(2) -t (u"(t2))] + z[u'(2) - t(u' (t2))]
(1-t)p 2°u™(2) + (1+2p) Z°u"(2) + zu'(2) _J_‘
p2*[u"(2) —t* (u" (@2))] +2[u'(2) —t(u' (t2))]

or equivalently, forz e D,
(1-7)-
> Lon(n-1)(n-2)+[1+2p) - pA+t+t°u,)n(n-1)-ntu, )] a,z" -t

R P
z(1-t) - anz[pn(n ~1)(A+t+t’u, ) +n(+tu,)]a, 2’

> Lon(n-1)(n—2)+[(1+2p) - pA+t+t%u,)n(n-1) - ntu,)] &, 2" +t

: z(1-t) - Z::Z[pn(n —1)A+t+t?u) +n(+tu,)]a, 2"

Choosing values of z on the real axis, so that the left side of this inequality is real, and letting z —» 1, we obtain

(1-7) (1+t)—i[pn(n—l)(lﬂ+t2uﬂ)+77(1+tuﬂ)]an}

—i[pn(n—l)(n ~2)+[(1+2p) - pA+t+t°u,)n(n-1)-ntu, )8, ~t

2 i[pn(n ~1)(7-2)+[(1+2p) - p(L+t+1t°u, (7 1) —ntu, )] a, +t

= Z[an(n—l)(n —2)+[(2+4p) - p(L+t+t?u, )1+ )n(n-1)

+[(1- ) —tu, @+ -1 +[(L-7) ~tu, (L+)] |3, < @-7) - t@L+y).

Conversely, assume that (8) is true.

In order to prove that u(z) € Br(p, v,t) we prove that
(1-DpZ’u"(2)+ (1+2p) Z°u" () +2u'(2)
pZ’[u"(2) —t* (u" (2)]+2[U(@) - t(u' (t2))] 4
~ { (1-t)p2°u"(2) + (1+2p) 2°u"@) +2U'(2) 1}
pz°[u"(2) —t* (u" (@2))] +2[u'(2) ~ t(u' (t2))]

<@-y)-tll+y).

Thus, forz e D

(1-t)pZ°u™(2) + (1+2p) Z%U"(2) + zU'(2) _4
pZ*[u"(2) —t* (u" (2)]+2[U(2) - t(u' (t2))]
~ { (1-t)p Z°u™(2) + (1+2p) 22u"(z) + zU'(2) _1}
pz*[u"(2) —t* (u" (@2)] +2[u(@) - t(u' (t2))]
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3 Lon(n—1)(17—2) +[A+2p) — p(L+t +t%u, )7(17 —1) —n7tu, )] &, 2" +1t

= z(l—t)—Z“::z[,077(77—1)(1+t+t2u77)+77(1+tu,7)]a,72’7
3 Lon(n—1)(7—-2)+[A+2p) — p(L+t+t%u,)7(17—1) —tu, )] &, 27 +t
+®R. " _
z(1—t)—zn22[p77(77—1)(1+t+t2u,7)+77(1+tuﬂ)]aﬂz”
» [2pk(k—1)(K —2) + 2[A+2p) — pA+1 +12u, )Tk (k —1) — 2ktu, )] &, z* + 2t
S =2

2(1-t) =27 [pk(K—1)(AL+t+t2u,) + k(L +1tu,)]a,z"

<@A—p)—t@+y).
as equation (8) is true.
For case of p=0, we get the following.
Corollary 2.2. A necessary and sufficient condition for power series form u(z) which stated to be the Subclass C(y,t)
is that

2[277(77 ~1)+[(1-y)—tu, A+)])(7-1) +[(1-y)-tu, (1+7)]] a, <(L-y)-tll+y).
9)

Theorem 2.1. If p, g > 0 and r > p+q+3, then a sufficient condition for zF(p,q;r;z) is said to be in the subclass B(p, y,t) (0 < p
<1,-1<y<1,|t<] and t#1) is that

TMIe-p-0) | 20(P);(Q); +[(2+10p) - p(L+t+t°u, )(1+7)1(r — p—a-3)(p),(a),

M= pre-a) [(1=7) =W, (1))~ P~ -3),
[2(2+4p)~2p(+1+8u,.,)(L+7) + (L) —tu,,(+/))—P=4=3);pq__
[(1=7) -, (L)1~ P--3), (10

N (o ()
(A=) -tu,,(1+7)]
Condition (10) is necessary and sufficient for F1 defined by Fi(p, q; r; 2) = z[2 — F(p, q; r; )] to be in Br(p, v,t).
= (0),4() 4

Proof. Since zF(p,q;r;2) =z+
UZ—;‘ (r)q—l(l)q—l

> [ 20n(n-1)(1-2) +[(2+4p) - p(L+t+1°u, )1+ 1) (7 -1)

n=2

Z", according to Lemma 2.1, we need only to show that

(P),-1(0),,4

(0,20, <[A-p)-t@+p)]

+[(1- )~ tu, (1] —1) +[(1- ) —tu, (1+7)]]
Now

i[an(n -1)(7-2)+[(2+4p) - p(+t+t2u, )1+ ) In(n-1)

(0),:0),.
0,20,
=S [2on(n+1)(n-D+[2+4p) - pL+t+t2u, )1+ N)n(7+1)

n=1

+[(1-y)-tu, . (I+]n+[(1-7) —tu,,+1(1+7)]]

+[(1-7) ~tu, (@+7))(7 1) +[(1- ) —tu, (L+)]]

(p), (@),
0,Q),
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Noting (), = B(B+1),, and then applying (4), we may express equation (1) as

2p(p)3(a)s i (P+3),5(+3),3
(I’)3 n=3 (r+ 3);,73 (1)7773

| [2+10p)— plA+t+ tu,)(1+7)1(p). (a), i (P+2),,(0+2),,

(r)z n=2 (I’ + 2);772 (1);772
. [2(2+4p) —2p(L+t+t°u,, ) (1+y)+(1-y) —tu, , (1+»)Ipq i (p+1),.(+1),,
c = (r+1),,(1),,

=, (p), (@),

+[(1-y) tu,,+1(1+7)]; 0.0,

_ Zp(p)s(q)s Fe+3)'(r—p-q-3)
(N; L-pl-aq)
,[2+10p) - plL+t +t20,)(1+7)1(), (@), T +2)I(r-p-q-2)
(n), [(r—p)'(r—p)
. [2(2+4p) - 2p+t+tPu, ) (A+y) +(1-y) -ty (1+7)]Pq T +1)I(r— p—q—1)

r [-plE-p)

I'I'e—p-9) o
T(r— p)[(r—q) [((1-7)—tu, ,(1+y)].

_Tre-p-0) | 20(P);(@); +[(2+10p) - p(L+t+t°u, )(1+»)1(r - p—q-3)(p).(a),

+[(1=7)-tu, ,(1+)]

T(r-p)(-q) (t—p-q-3),
2(2+4p) -2 p(1+1t +t2 1 1-y)-t 1 -p-gq-3),
+[ (2+4p)-2p(L+t+tiu, ,,)( (z);_(q_g)) u,.,(1+1)1r—p-q-3) pq+[(l_y)_tum2(1+7)]

—[A-y)-tu,.,(A+»)].
But this last expression is bounded above by (1 — ) if and only if equation (11) holds, and hence the proof.

since R (p.g;r;z)=z-— iw z"

, the  necessity of (6) for F; to be in
7=2 (C)ryfl(l);]—l

Br(p,y ,t) follows from Lemma 2.2.
For the Case p=0, we get following.

Corollary 2.3. If p, g > 0 and r > p+g+2, then a sufficient condition for zF(p,q;r;z) is said to in the Subclass C(y,t) (-1 <y
<1, [t|<1 and t#1) is that

[@OI(c—p-q) 2(p),(9),

[-pl'-g)| [A-y)-t, ,(A+)]c-p-q-DE-p-q-2)

[6-7)~tu,.,(1+7)]pg +1}< [(1+7) ~t(1+7)]
(7). )N —p=a=D) | [(1=7)~tu, ,(1+7)]

(12)

+1.

which was proved by Srutha Keerthi and et.al[13]
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Theorem 2.2. If p, g > -1, pq < 0 and r> p+q+3, then a necessary and sufficient condition for zF(p, q; r; z) which stated to be
the Subclass Br(p,y,t) (0 <p <1, -1<y <1 |t[<I and t#1) is that

L(+D)I(r—p-q) [2,o(p+1)2(q+1)2 N [(2+10p) - p(A+t+t%u, ,)(1+7))(p+1)(q+1)

Fe-pl@e-p) | r—p—-q-3), (r-p-q-2),
[2(2+4p) - 2pA+t+t%u, ,)(1+y) +(1—y) —tu,,,(1+7)] . (1-y)-tu,.,(1+y)]
(p—q-r-1) pq
<[ ) ~tLHp)]— A=) ~tu, , (L+)]—.
pq P
(13)
Proof. Since
gy =70 PA P+D),,(Q+D),,
ZF(p,qir;iz) =z + : nzz O z
_,_|Pa i (p+1), ,(q+1),, 1 (14)
rl= (@+1),,01),,

according to Lemma 2.2, we must show that

i[an(n ~1)(7-2)+[(2+4p) - pA+t+t?u, )1+ )]n(1-1)
(p+1),,(@+1),,
+[(1-y) —tu, (1+)])(7-1) +[(1-y) -tu, (1+y)]] +1),,),.

(15)

Now

i[2p77(77+1)(77+2) +[(2+4p) — pA+t+1t2u,,,)A+ )17 +D(7+2)

1 1
+[(A— ) —tu,,,, A+ —1) + [(1— ¥) —tu, , (1+7)] ] %

B = (p+1),(q+1), (p+1),(g+1),

=2 ;—(r+1) .. +[(2+10p) — p@+t+t?u, YA+ y )]”Zl D). D,
1 1

+[22+4p) —2p@A+t+17u, )(A+ 7))+ A —p) — tuﬂ+2(l+y)]z%

(P+1),(@+1),
+[A-)—tu,., (1+y)]; EEE NI
_I@+DIe—p—q) [2p(p+1)2 (@+1), . [(2+10p) — p@+t+t2u,.,)(A+)I(P+1)(q+1)
Fc—prc—-q) | r—p—-q—3); (r-p—a-2),
[2(2+4p) —2p@A+t+t7u, )(A+y) +(A—y) —tu, ,(1+]  (A-y)—ty,, (1+y)]}
r—-p—g-21 pPqa

<[(1— ) —t@+)]— +[(1— ) —tu, , A+3)]—.
Pqg Pqg

For the Case p=0, we get following.
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Corollary 2.4 If p, g > -1, pq < 0 and r > p+qg+2, a necessary and sufficient condition for zF(p, q; r; z) which state to be the
Subclass Cr (y,t) (-1 <y <1, |t<1 and t#1]) is that

I+DI(r-p-0q) [ [(5-»)-tu,.,(1+»)Ipq .
[(r-pr-q) (r—p-q-1)

<[(1-7)-t@+))]—+[(A-y) -tu, ., (1+y>]é,

|pq

[(1-7)-tu, ,1+»)] L}
pq

(16)
which was proved by Srutha Keerthi and et.al[13].

1. AN INTEGRAL OPERATOR

A particular integral operator G(p, q; r; z) acting on F(p, q; r; z) as follows:

G(p.a;r;z) = [ F(p,a;rdt. (17)
0

Theorem 3.1.

0] If p, g> 1 and r > p+g+2, a sufficient condition for G(p, q; r; z) defined by (17) is said to in the Subclass B(p, v, t) is
that

r(r)F(r—p—q)[ 20 (@. , [CH+4p) = pQAt+TU A PIPA gy g g,y

[r-pl(-q)| (r-p-0q-2), (r-=p-q-1)

<[A-»)-tQ+]+[A-y)-tu, @+ )]

(18)
(i)  Ifp,g>-1, pg<0andr>max{0, p+q+2}, then G(p, q; r; z) defined by (17) is said to in the Subclass B+(p, v, t) if
and only if
r(r+1)r<r—p—q){ 2p(p+1)(a+1)
I'e-pl't—q) [t-p-q-Dr-p-0-2)
N [(2+4p) - p(L+t+tu,,,)(1+7)] N (1-7)-t,,,(1+»)]
(r-p-q-1) P
r r
<[A-7)-tA+N)]—HA-») -tu,.,A+)]—.
| pg
(19)
Proof. Since

G(p,q;r;z) = z+i%'

we note that
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i[an(n ~1)(7-2)+[(2+4p)— pA+t+1t°u,)A+ »)]n(r7—1)

1 [P Da (O ()

7)1, @0 =D +A-7) —t, @] =

=3 [20(7+ D7 -1 +[@+4p) — pA+t+1u,, )4+ 07 +1)7

1] P, (q),

A=) =t @I =D+ A7) =t W] =gy

203y O D (2 +ap) - p@rt+tiu, )+ 2D ((';’) o

—=M,Q), .,
(P), (@),
+[A-»)—tu,,,(1+y )]Z() @, .

_ rmr(r—p—q{ 200),(@:  [2+4p)= pLet+t'u, )AL+ 7)Ipg
(- PLr-q)| (- p-g-2), (r-p-q-1)
Hl(L-7) —tu,, (W] [A-7) ~tu,, (1+)],

which is bounded above by (1-p) if and only if (17) holds, which completes proof of (i).
To prove (ii) we apply lemma 2.2 to
< (p +l)77—2 (q +l)7]—2 Zr]

G(p,a;r;2) =z - i 2 (r+1),.,(1)

r =

It is suffices to show that
Z[an(n ~1)(7-2)+[(2+4p) - pA+t+t2u, )1+ ) n(17-1)

1 1 1-y)—-tu (1
-7 -t0, @l -0 - ), @) ] S0 s 027 |;:'|7( 2l

Now

i[an(nﬂ)(?ﬁZ) +[(2+4p) - pA+t+1t7u )1+ 1)](7+2)(7+1)

=0 1 1
#[(1=7) —tu,, @+l +1) +[(A-7) ~tu, , (1+7)] }W

2p3 OOy 104y plastety, s )]Z(p(ﬂ)l)%l)

=2p
n=1 (r+1)77 (1)77 1 n=0
(P+1),..(@+1),.,
+[(1-y)-tu, ,(1+ 7)]2 ! 1
" n=0 ( 1)7]+1(1)r]+1
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. [2+4p)— pA+t+t7u, )1+ )]

_T+DIe - p—q){ 2p(p+1)(q+1)
(r-p-q-1)-p-g-2)

[(1-y)-tu, A+ Ir

[(-pl(r-q)

r-p—q-1

[(A-7)-tu,,d+7) }
+ —
Pq

2p(p+1)(g+D)

Pq

. [2+4p) - p+t+t?u, )1+ )]

_T@+HI'(r—p-0)
[(r—p)l(r-a)
[(A-7)-tu, A+ 7)}
+
Pq

(r-p-q-Dr-p-g-2)

r-p-q-1

A= -td+NIr [(1-»)-tu, ,Q+)]r |

| pq| P
which completes the proof.
For case of p=0, we get the following.

Corrollry 3.1.

(i) Ifp,g>1andr>p+tq+l, a sufficient condition for G(p, q; r; z) defined by (17) which stated to be the Subclass

C(y,t) is that

2pq

lxora—p—q)[
I(r—p)(r—0q)

(r—=p-q-1)

+(1=-y) -, (1+7)]

<[A-»)-td+]+[A-») -tu, ,A+7)]

(20)

(i) If p, g > -1, pg <0 and r > max{0, p+q+1}, if G(p, q; r; z) defined by (16) which stated to be the Subclass

Cr(p,y,t) if and only if

Ir'c+DHIE—p—0q) [ 2
rc—prec-—q)
r

SKl—y)—Klwdhpm+K1—y)—wmza+7ﬂl;-

V. FINDINGS

We introduce new subclasses of Sakaguchi type
function in the class B(p,y,t). In the present paper, we
determine sufficient conditions for zF(p, q; r; z) to be in
B(p,y,t) and also give necessary and sufficient conditions for
zF(p, q; 1; z) to be in B(p,y,t) with appropriate restrictions on
p, q, r. Furthermore, we consider an integral operator related
to the hypergeometric function.
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A-y)—tu,., (1"'7/)]}
+

r—p—q-D PqA

PA

V. CONCLUSION

A modest attempt has been made in this report to study
certain class of analytic functions and Sakaguchi type
functions on the open unit disk . Introduced new Subclasses
of analytic univalent functions in the class B(p,y,t) and by
selecting the values(y € R, 0 < p <1 and |t[<1, t#1), with
negative coefficient and obtained conditions, integral
operator using Hypergeometric functions.
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